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Abstract
The theorem “ the number of partitions of a positive integer n into distinct odd parts equals the number of partitions of n into
parts = 2 and differing by  6 with strict inequality if a part is even” was ﬁrst discovered and then proved by Krishnaswamy
Alladi in the year 1999. The object of this paper is to give a different bijective proof of this result.
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1. Introduction
In 1999, Alladi [1] discovered the following theorem on partitions.
Theorem 1. LetA(n) denote the number of partitions of a positive integer n into distinct odd parts. Let B(n) denote the number
of partitions of n into parts = 2 and differing by  6 with strict inequality if a part is even. Then
A(n)= B(n) f or all n.
Alladi [1], using the techniques in Sylvester’s 1882 paper [3] on partitions gave a bijective combinatorial proof. The object of
this paper is to give a different proof of Theorem 1.
The bijection used in this paper is very similar in spirit to Bressoud’s [2] bijective proof of Schur’s 1926 theorem. We would
like to mention that Alladi’s bijection does not imply Theorem 2 [1, p. 9] but our bijection implies Theorem 2, and thus implies
both TheoremA [1, p. 7] and Theorem G [1, p. 5].
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2. Proof
Let PA(n) [resp PB(n)] denote the set of partitions enumerated by A(n) [resp B(n)]. Let DC denote the difference condition
“bi − bi+1 6 with strict inequality if a part is even”.
Let  = b1 + b2 + · · · + bs be a partition enumerated by A(n). If DC is satisﬁed for all the parts of  then it is a partition
enumerated by B(n) also since 2 is not a part of . We adopt the following procedure to go from A to B.
Step AB1: List the parts of  in a column in decreasing order. Let 1 denote this partition.
Step AB2: From the top look for the ﬁrst i say i1 for which bi1 − bi1+1< 6. Then we replace the pair(
bi1
bi1+1
)
by their sum (bi1 + bi1+1).
e.g.,
(i) 51 → 6 (ii)
7
3 → 10.
Let 2 denote the resulting partition. We now get two possibilities,
Case 1: bi1−1 − (bi1 + bi1+1) satisﬁes DC.
Case 2: bi1−1 − (bi1 + bi1+1) does not satisfy DC.
In Case 1 we proceed to the next Step AB3.
In Case 2, we replace the pair
(
bi1−1
bi1 + bi1+1
)
by
(
bi1 + bi1+1 + 6
bi1−1 − 6
)
,
e.g.,
(i)
13
7
3
→ 1310 →
16
7 (ii)
19
13
7
5
→
19
13
12
→
19
18
7
Hence once again we get two possibilities,
bi1−2 − (bi1 + bi1+1 + 6) satisﬁes DC and bi1−2 − (bi1 + bi1+1 + 6) does not satisfy DC.
As in the ﬁrst case we proceed to the next Step AB3 while in the second case we apply the procedure explained in Case 2.
This procedure is continued till DC is satisﬁed for all the parts from the top up to the ith1 position.
e.g.,
19
13
7
5
→
19
13
12
→
19
18
7
→
24
13
7
Step AB3: Look for the next i say i2 for which DC is not satisﬁed. Then replace the pair(
bi2
bi2+1
)
by their sum (bi2 + bi2+1).
The same procedure explained in Step AB2 is carried out till DC is satisﬁed for all the parts from the top up to the ith2 position.
Proceeding like this (in a ﬁnite number of steps) we arrive at a stage where DC will be satisﬁed for all the parts of . We
associate this resulting partition 3 which belongs to PB(n) to .
We illustrate our procedure by an example.
Let,
= 45+ 37+ 33+ 31+ 25+ 23+ 15+ 11+ 5+ 3+ 1,
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be a partition enumerated by A(n).
A→ B
45
37
33
}
31
25
23
15
11
5
3
1
→
45
70
}
31
25
23
15
11
5
3
1
→
76
39
31
25
23
}
15
11
5
3
1
→
76
39
31
48
}
15
11
5
3
1
→
76
39
54
}
25
15
11
5
3
1
→
76
60
33
25
15
11
}
5
3
1
→
76
60
33
25
26
}
5
3
1
→
76
60
33
32
}
19
5
3
1
→
76
60
38
27
19
5
3
}
1
→
76
60
38
27
19
8
1
We now give the reverse mapping from PB(n) to PA(n). Let  be a partition enumerated by B(n). If no part is even then it is
a partition enumerated by A(n) also. We adopt the following procedure to go from B to A.
Step BA1: Let the parts of  be arranged in a column in decreasing order.
Step BA2: From the bottom look for the ﬁrst even part say x. If there is no part lying below x, then we split x into (, ) as
detailed below in the table.
2 ∗ (2n)→ (2n+ 1, 2n− 1) e.g.: 4→ 3+ 1, 8→ 5+ 3
2 ∗ (2n+ 1)→ (2n+ 3, 2n− 1) e.g.: 10→ 7+ 3, 14→ 9+ 5
Suppose there is an odd part y lying below x. If y <  then we split x into a pair ,  as in the above table.
e.g.,
(i) 123 →
7
5
3
(ii) 165 →
9
7
5
If y is odd and y  then we replace(
x
y
)
by
(
y + 6
x − 6
)
Suppose z is the part (which is odd) lying immediately below x − 6. Then
(
x − 6
z
)
is replaced by
(1
1
z
)
if z< 1 where (1, 1) is the pair of x − 6. If z 1 then(
x − 6
z
)
is replaced by
(
z+ 6
x − 12
)
This process is continued till the end.
e.g.,
24
13
7
→
19
18
7
→
19
13
12
→
19
13
7
5
Step BA2 will not create even parts. This is obvious if y < . When y , the step involves only addition or subtraction of 6
which does not change the parity of x or y.
We apply BA2 till all the even parts are split. The resulting partition will be a partition enumerated by A(n).
We now illustrate the reverse map by taking the same partition,
= 76+ 60+ 38+ 27+ 19+ 8+ 1
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obtained from
= 45+ 37+ 33+ 31+ 25+ 23+ 15+ 11+ 5+ 3+ 1
B → A
76
60
38
27
19
8
1
}
→
76
60
38
27
}
19
5
3
1
→
76
60
33
32
19
}
5
3
1
→
76
60
33
25
26
5
}
3
1
76
60
33
}
25
15
11
5
3
1
→
76
39
54
25
}
15
11
5
3
1
→
76
39
31
48
15
}
11
5
3
1
→
76
39
}
31
25
23
15
11
5
3
1
→
45
70
31
}
25
23
15
11
5
3
1
→
45
37
33
31
25
23
15
11
5
3
1
Before concluding we would like to give a table indicating the partitions of n = 20 into distinct odd parts and the partitions
after obtaining our bijection as well as Alladi’s bijection.
Partitions into distinct odd parts According to our bijection According to Alladi’s bijection
19+ 1 19+ 1 20
17+ 3 17+ 3 19+ 1
15+ 5 15+ 5 17+ 3
13+ 7 13+ 7 15+ 5
11+ 9 20 13+ 7
11+ 5+ 3+ 1 14+ 6 16+ 4
9+ 7+ 3+ 1 16+ 4 14+ 6
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